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SUMMARY 

Equations are derived for the flow of solvent and an uncharged solute across the red 
cell membrane. The differential equation which describes the time course of cell volume 
change is solved using perturbation analysis. A method to test the Onsager reciprocal 
relation is presented. Previously determined experimental values were substituted 
in the final equation to show how this analysis can be used to test for the Onsager 
reciprocal relation. 

INTRODUCTION 

When mammalian red cells which are placed in a medium containing an isomolaI 
concentration of an impermeant solute are rapidly mixed with a solution containing a 
suitable concentration of a permeant solute, the cell volume initially shrinks and then 
returns to its initial volume. Cell volume reaches a well defined minimum which is 
achieved when the volume of the solute moving into the cell is exactly balanced by 
the volume of water moving outward in response to the remaining osmotic pressure 
gradient. The details of the experimental technique and the rapid-stop flow apparatus. 
used for rapid mixing are discussed elsewhere 1-4. 

A great deal of information about the passive properties of the cell membrane 
can be obtained from the knowledge of the theoretical equation that describes the 
time course of cell volume. For example, in the shrinking phase, water and the per- 
meant solute are moving in the opposite direction, and thus there is a solvent drag 
effect opposing solute diffusion. On the other hand, during the swelling phase there is 
a solvent drag helping solute diffusion. Lack of theoretical guidance has limited the 
use of the experimentally measured time course of cell volume. Only the minimum 
point on the curve has been used so far to calculate the diffusional permeability coef- 
ficient, co, of a permeating moleculO. 
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ANALYSIS 

When solvent and an uncharged solute are moving across a membrane,  KEDEM 

AND KATCHALSKY 5 and KATCHALSKY AND CURRAN 6, give the following relations to 
express the volume flow and solute flux, 

J v  = - - L p A ~ i  + Lpdd~s (I) 

J s  --  (i  + Lap/Lp)csJv  + ~oLl~s (2) 

in which Jv  is the volume flow per unit  area in cm/sec, and flow into the cell is con- 
sidered to be in the positive direction. The osmotic pressure due to the impermeant  
solute (NaC1) is denoted by  A~i, which is defined as ~ i  = R T ( c ° i - c i A ' ) ;  £Jyei has 
units of dynes /cm ~. The solution bathing the external surface of the cell membrane  is 
denoted by  the superscript o and tha t  bathing the internal surface by  Ax.  Lp, Lpd 
and Ldp are phenomemological  coefficients in cma/dyne per sec (a ~ - L p d / L p  and 
a' ~ - L d p / L p ) .  LJTes is the osmotic pressure of the permeable solute and is defined 
as 3~s  = RT(c°s  -CsA~) • The c's denote concentrat ions in osmoles/cm 3. J s  is solute 
flux per unit  area in moles/sec. Cs is the average concentrat ion and is defined as 
cs = (C°s - c s~) /1  n C°s/Cs ~ .  The subscripts i and s denote impermeant  and permeable 
solutes, respectively. The diffusional permeabil i ty coefficient, o~, is expressed in 
moles/dyne per sec. 

Rewrit ing Eqs. I and 2 in terms of non-dimensional variables as was done by  
JOHNSON AND WILSON 7, one obtains 

v(dv/dz) = - - ( i  + a)v + (i + as) (3) 

(ds/dz) = ( I - - ~ ' )  (cs/c°s)(dv/d'e) + v ( v -  s)/v (4) 

where v = V' /V '  o, z = A' lpRTc°i t /V 'o ,  a = (~Cs°/Ci °, s = ns/cs°V'o, r = o)/Lpci ° 

in which A '  is the red cell surface area, considered to remain constantl,s;  V'  and V'  o 
are, respectively, the volume of cell water at  t = o, and at any  given time; and n8 
is the amount  of permeant  solute in the cell water. 

Solving for s from Eqn.  3 and equat ing ds /dz  with Eqn. 4 one obtains the follow- 
ing differential equation:  

(v 2) (d2v/dT 2) + (v) (dv/dz) 2 + (i -~- a 2[_ ~,) (y) (dv/dz) - -  

(a) (v) (i - -  o")(cs/£°s) (dv/dT) + r ( v -  i) = o (5) 

The concentrat ions C°s and ci ° remain constant  during the t ime course of cell 
volume changes since the volume occupied by  red cells is only 1% of the total  volume 
of the suspension 1. 

Presence of the time dependent  term, cs, and of (dv/dz) z contributes to the 
difficulty in integrat ing this equation. SHA'AFI et al.4, 9 have derived a similar equation 
and  made use of it in the region of min imum volume, i.e. when dv /dz  = o. They  have 
used this condition to determine the permeabil i ty coefficient, ~,  for various solutes 
across the membranes  of human  and dog red cells. However,  the use of this condition 
is limited to the determination of o~ and no other information can be obtained about  
the other  parameters,  in part icular  a'. 

All the three phenomenological coefficients Lp, a and co have been determined 
experimental ly  across mammal ian  red cell membranes  and m a n y  other biological 
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membranes4,  9-~3. At  the  present ,  there  is no avai lable  me thod  to de te rmine  a ' ,  and  
i t  has a lways  been assumed to be equal  to a. The  difficulty in measur ing  ~' is not  
exper imenta l  bu t  r a the r  theore t ica l  in na ture .  

In  te rms of the  new variables ,  ~s can be wr i t t en  as:  

~s --  (c°s) (x)/tn (i + x) (6) 

where 

x -~ {(v) (dr/dr) + ( v -  I)} {av} -1 ~ ( s - - v ) / ( v )  (7) 

The logar i thm in Eqn.  6 m a y  be expanded  b y  means  of the  series: 

in (i + x) = 2(x) (x + 2) -1 + X {(2) (2n + I)-l(x)2n+l(x + 2)-(2n+1~} (8) 
n = l  

B y  inspection,  o ~ s/v ~ i .o  and  Ixl < I.O; the  equa l i t y  sign for x holds only at  
t = o, when s = o. In  pract ice,  the  higher  order  te rms in Eqn.  8 can be neglected.  
The  m a x i m u m  error is less than  4 %- 

Subs t i t u t i ng  for 3s in Eqn.  5 and collecting te rms one ob ta ins  the  following 
different ial  equa t ion  : 

(2v 2) (d2v/dv 2) + (v) ( d r ~ d r )  2 (I + a') + (v) (dr/dr) (I + 2r + 2aa'  + a') + 

(I - - a ' )  (dr/dr) + 2 r ( v - -  I) = 0 (9) 

A t  the m i n i m u m  point ,  r = Vm, v = Vm, s = Sm, and (dv/dr) = o. Solving for Vm 
from Eqn.  3 one ob ta ins  the  following re la t ion:  

i - -  Vm < a (Io) 

Fo r  small  a, the  change in cell volume is small,  and  a solut ion to Eqn.  9 can be 
ob ta ined  b y  a pe r tu rba t ion  analysis  where v is expanded  as a power series in a, as 
given b y  Eqn.  I i .  

V = I + a v l  + a 2 v 2 . . .  ( I i )  

The value  of a = aC°s/Cl ° can be control led exper imenta l ly .  Fur the rmore ,  when a is 
small ,  ~o can be considered cons tan t  independen t  of J r .  SHA'AFI et al. 4 have  found 
t h a t  ~o depends  s l ight ly  on Jv. 

Subs t i t u t ing  Eqn.  i i  in Eqn.  9, collecting te rms of the  same power of a, and  
neglect ing a ~ and  higher  order  te rms resul t  in series of equat ions  as follows: 

d2vl/dv 2 + (I + r) (dvl/dr) + rVl  = 0 (I2) 

2 d 2 v 2 / d v  2 + 2(1 + r) (dv2/dT) + 2rv~ ~ - - 4 v l ( d 2 v l / d v  2) - -  

(i + a') (dvt/dT) 2 - -  (CZVl + 2a') (dvl/dT:) (13) 

where  c 1 = (i + 2r + a ') .  
The b o u n d a r y  condi t ions which mus t  be satisfied are as follows: vj (o) = o and  

v~ (or) = o, f o r j  = i ,  2 . . . .  The  solut ions of Eqns.  12 and  13 which sa t i s fy  the  bound-  
a ry  condi t ions are given by  Eqns.  14 and 15. 

vl = A{exp (--  rv)  - -  exp (--z)} (14) 

v~ = {A 2} { (B- -a ' rT)  exp (--rv)} + {A 2} {(B + a'v)  exp (--v)} + 

{d 2} {(All) (2r  2 - -  r) -1 exp (--  2m) + (A22) (4 - -  2r) - I  exp (--  2z) + 
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(A is/r) exp (-- m - -  T) } 

where 

A = I / ( r - -  I) ,  A l l  = {(r/2)} {(I + a ' )  (I  - - r )  - - e r }  

Ace = (r - -  2), A12 = { i ]2}  {(iv - -  I) (iv + 0-') -~- ~,2 + 3} 

and 
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(I5)  

/~ = - - { I / 2 }  { ( A n ) ( 2 r 2 - - r ) - i  + (Ae2) ( 4 -  2r) -1  + (A12/r)} 

Within the order (I -Vm) 3, the cell volume time course is given by  Eqn.  16 

v = i + {aA} {i + a A ( B  - -  a'm)} {(exp ( - - m ) } -  {aA} {I - - a A ( B  + a%)} 

{exp (--z)} + {aA} 2 {Au(2re - -  v) -1 exp (--err)  + 

(Aez) (4 -- 2r) -1 exp (-- 2z) + (Ale~r) exp ( - - z r - - r ) }  (16) 

Similar analysis can be used to derive a similar equation if, at t = o, the permeating 
solute is present in the cell at  a given concentration.  

APPLICATION 

In  the case where the Onsager reciprocal relation holds, i.e. a = a', Eqn. 16 
can be used to determine the three coefficients, Lp, o~ and a, which characterize the 
cell membrane.  The experimental ly determined time course of cell volume can be 
fitted by  Eqn. 16. The three phenomenological coefficients can then be easily cal- 
culated from the parameters  which give the best fit. This kind of analysis is not  
limited to mammal ian  red cells, but  can be used for sea urchin eggs, plant  cells, squid 
giant  axon, blood brain barrier, Ehrlich ascites tumor  cells and m a n y  other systems. 
In  some cases the surface area cannot  be assumed constant ,  and its variat ion with 
time must  then be taken into consideration. 

The value of this analysis is not  in calculating the phenomenological coefficients 
since other methods can be used equally well, if not  better1,2,4,9,1°. I ts  value lies in 
the fact tha t  for the first time, at least in biological systems, it is possible, with the 
aid of this analysis, to calculate a '  and thus test  for the Onsager reciprocal relation. 
For  this analysis to be of use it mus t  satisfy two conditions: (a) the theoretically 
generated t ime course of cell volume changes mus t  be sensitive to variations in a ' ;  
(b) the analysis mus t  be relatively simple to use. 

Let  us consider the following experiment i n  order to see how this analysis can 
be used. A suspension of red blood cells, at a low hematocr i t  (about x %) and in an 
isoosmotic NaC1 solution (o.3 osmole/1), is rapidly mixed with an equal volume of 
solution containing o. 3 osmole/1 MaC1 and o.188 osmole/1 of permeating solute. Assume 
tha t  we are dealing with dog red cells and the permeating solute is propionamide. The 
details of experimental  techniques are thoroughly  discussed elsewherel,2,4,9,1°. I t  is 
worth not ing tha t  the small per turbat ion technique used by  FARMER AND MACEY3,1° 
is probably  bet ter  suited for this analysis than tha t  used by  SHA'AFI et al. a. Under  
the present experimental  conditions Lp = 1.55. I o - n  cma/dy ne per sec, A '  = 1.24. IO-6 
cm 2, V o' = o.49.1o- l°  cm 3 (cell water  is 72%), a = 0.56, and ~o = 7-1o -15 moles/ 
dyne per sec. These values are taken from SHA'AFI et a/.9,14,1s. Using these parameters,  
a = 0.35, r = 1.5 and A = 2.0. The theoretical time course of cell volume changes, 
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Fig.  i .  C o m p u t e r  g e n e r a t e d  c u r v e s  f o r  t h e  v a r i a t i o n  of r e l a t i v e  cell  v o l u m e  w i t h  t i m e ,  fo r  t h r e e  
v a l u e s  of ~' .  a is f o r  if' ~ o.9, b is fo r  ~ '  = 0.56, a n d  c is for  ~1' ~ o.2. 

0" 0.5 

0 ----4/ 0.4 1~2 0.8 

(sec'5 teq 

1.0 

Fig.  2. V a r i a t i o n  of ~ '  w i t h  t h e  i n v e r s e  of e q u i l i b r a t i o n  t ime .  

T A B L E  I 

VARIATION OF EQUILIBRATION TIME WITH a t 

~t leq (see) 

o 2.40 
o . i  2.25 
0.2 2.00 
0. 3 1.80 
o. 4 1.50 
0.5 1.35 
0.6 1.15 
o. 7 I .o 5 
0.8 o-95 
0. 9 0.92 
I .o 0.85 
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calculated from Eqn. 16 for three values of a', is shown in Fig, i. The sensitivity of 
cell volume to variation in a' is quite good. Other solutes were also tested in both 
dog and human red cells. There are three important points which can be easily 
determined along the curve describing the time course of cell volume changes. These 
points are the time required to reach the minimum volume, tin, the volume of the cell 
at the minimum, Vm, and the time required to reach equilibrium, teq. The first two 
points are not very sensitive to changes in a', as evident from Fig. I, whereas teq is 
extremely sensitive to changes in a'. 

Table I summarizes the values of teq for different values of a', and Fig. 2 shows 
the variation of a' with the inverse of teq for the solute propionamide in dog red cells. 
There is a large variation in teq, from the experimental viewpoint, since changes 
in cell volume can be followed experimentally every 0.005 sec 4. With the help of 
Fig. 2 it becomes extremely a simple matter to determine a'. The authors are well 
aware of the importance of coupling this theoretical analysis with experimentation. 
The lack of experimental setup prevents us from doing so. 
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